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This report serves as a brief summary on an open problem in spectral graph theory.
Namely, the existence of infinite families of non-bipartite d-regular Ramanujan graphs
for each d. This problem has been solved for d = ¢+ 1 for prime powers ¢, but remains
open for other cases. We discuss the constructions used in the special cases, and modern
approaches to solving the open problem using covering graphs.

The Paley graph of order 49, a Ramanujan graph.



Introduction

Ramanujan graphs arise from the field of spectral graph theory, the study of the properties
of the matrices associated to a graph - such as the adjacency matrix. Ramanujan graphs
are a nearly optimal case of something known as an expander graph, and satisfy a number
of extremal combinatorial properties. In loose terms, graphs which have relatively few edges
but remain ’strongly’ connected. These graphs largely appear as algebraic constructions
from number theory, algebraic geometry and representation theory. In this report, we shall
discuss the existence of infinite families of Ramanujan graphs - an open problem in spectral
graph theory - and what makes this problem important.

History and Applications

Ramanujan graphs were first named in a paper of Alexander Lubotzky [1] in 1988. In his
paper, Lubotzky constructs families of Ramanujan graphs using the Ramanujan conjecture.
This is a prized conjecture of Srinivasa Ramanujan, a prolific Indian mathematician of the
early 20th century, known for his substantial contributions to analysis and number the-
ory, despite his limited mathematical education. Lubotzky introduced the open problem
of constructing Ramanujan graphs in his 1988 paper. Morgenstern, a student of Lubotzky,
provided a construction of prime power families in 1993 [2].

Since the rise of computing, Ramanujan graphs have become an object of great interest.
These graphs have a wide variety of application in error-correction codes, network reliability,
and cryptography. We illustrate their expansion property like so: on a Ramanujan graph,
take random walks of fixed length from a given vertex. The probability distribution mea-
suring end vertices of the random walks will quickly converge to the uniform distribution
on the vertex set. Guaranteeing short paths is desirable in designing communication net-
works, but in cryptographic applications, we are interested in a further implication of this
property - while short paths exist, they are hard to find. The hardness of path finding on
Ramanujan graphs is applicable to cryptographic hash functions. Schemes based on a par-
ticular Ramanujan graph exploit this [3]. While most research of these graphs come from
the early 1990s, the current search for quantum computer resistant cryptographic protocols
has enriched their study once more.

Isogeny based cryptography is one of the most promising candidates in post-quantum
cryptography. These schemes are based on isogenies - the morphisms/maps between par-
ticular algebraic geometric structures known as elliptic curves. They can be described in
graph theoretical terms by forming graphs with elliptic curves as vertices and isogenies be-
tween them as edges. Most variants rely on the hardness of the isogeny path finding problem.
Loosely stated, that finding paths on a particular component of this graph is hard. This
component is Ramanujan, as proven by Pizer in 1990 [4], and the hardness of this more
algebraic problem is closely related to the hardness of path finding on Ramanujan graphs.



Background: Expanders and Ramanujan Graphs

We shall briefly go over the definitions and properties of these graphs, obtained from a
survey of Hoory et al [5]. Expanders may be defined in a number of ways. We will define
the expansion ratio, and then briefly the algebraic properties of expanders.

Let G be a graph. We refer to the vertex set of G as V(G) and the edge set of G as
E(G). G is called d-regular if for all v € V(G), the degree of v is d.

Definition 1 (Expansion Ratio). Let G be an undirected, d-regular graph. Let S C V(G),
then S is the set of vertices of G not in S, and (S, S) is a partitioning of G. Let E(S,S) =
{(u,v) € E(G) : uw € S,v € S}. That is, the edges of G between S and S. We define the
expansion ratio of G as -
hMG) = min [E(S, S)|
tsevioylsi< @1y |S]

All connected d-regular graphs are expanders. However, informally speaking, the best
expander graphs are graphs with lowest possible vertex degree while maintaining a high
expansion ratio. We shall see that Ramanujan graphs are such a graph. Typically the
expansion ratio is considered over a family Gy of d-regular graphs, where for any n € Z™,
G € G4 is a d-regular graph on n vertices. We fix d and see a bound for h(G) for all G € G,.
In practice, as n gets large, h(G) becomes hard to compute, so expanders are typically
defined by way of graph spectrum.

Definition 2 (Graph Spectrum). Let G be a graph on n vertices. We define A = A(G) to
be the adjacency matriz of G, an n x n matrix whose (u,v) entry is the number of edges
between vertices v and v. Since A is symmetric, and real, it has n real eigenvalues, denoted
as A\; for 1 < i < n where

d>XN>X> .. >\, > —d.

These eigenvalues are known as the spectrum of GG, and are studied in spectral graph theory.
For instance, here are some properties we can determine from the spectrum of a graph G [5,
2.3]:

- G is connected if and only if A\; > Ag

- G is bipartite if and only if A\; = —)\,

- If G is d-regular, then A\, = d.

Definition 3 (Expander Graph, Spectral Gap). A connected, d-regular graph is an expander
graph, with spectrum A\; > ... > \,,. We define the spectral gap as d — \y. The spectral gap
provides an estimation of the expansion ratio, because of the following bound [5, Thm. 2.4]:

1

S(d=X2) <h(G) < V2d(d - Xs)

An important property of expander graphs is given below.



Figure 1: The Petersen graph, a Ramanujan graph.

Lemma 1 (Expander Mixing Lemma). Let G be a d-reqular graph with n vertices. We
define \(G) where
AMG) = max(|Aaf, ..., [Anl)-

That is, the absolute largest eigenvalue that is not A\; = d. then for all S,T C V(G):

d|S||T
.1y - B < 56 ST
Proof. See [5, Lemma 2.5] O

The left hand side of this equation measures the deviation between two quantities:
|E(S,T)|, the number of edges between the two vertex sets; and the expected number of
edges between S and T in a random graph of edge density d/n. In layman’s terms, this
lemma implies the following:

- Edges of an expander graph are evenly distributed in the graph.

- The distribution of end vertices of random walks quickly converge to a uniform distribution.
If a graph has n vertices, it converges in O(logn) steps. The rate of this convergence is
known as the mizing property of a graph.

What makes this property interesting? Consider a naive protocol on a graph G, where Alice
shares a (public) vertex v with her friend, Bob. She then constructs a random walk on G of
a fixed length, starting at v. At each step, she picks an adjacent vertex with equal likelihood
to add to her path. She stops once her walk reaches n edges, and keeps it secret. Now,
suppose Bob wanted to guess the endpoint of the random walk. For each vertex u in G, the
attacker calculates the probability of ending a walk at u. If this probability distribution is
not uniform, he may pick the vertices of highest probability first. This, in practice, means
Bob may need to make fewer guesses than if the distribution was uniform.

Note that the smaller our value of A(G), the better mizing properties G has. Stated
below is a lower bound for A\(G):

Theorem 1 (Alon-Boppana). A d-reqular graph on n vertices satisfies:
AMG) >2vVd—1—e.

for € > 0 where e — 0 as n — oo for a fixed d.
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There is a particular class of expander graph that exhibits a tight upper bound for A\(G).

Definition 4 (Ramanujan Graph). An d-regular expander graph is a Ramanujan graph if
AMG) <2vd—1.

This is almost the tightest possible bound for A(G) and as a consequence, Ramanujan
graphs are essentially optimal expander graphs.

The Open Problem

Now that we have defined Ramanujan graphs, we shall state the open problem. Unfor-
tunately it turns out that, in general, Ramanujan graphs are difficult to construct. Note
that the problem excludes bipartite graphs, of which construction is straightforward, but of
limited application. [6]

Open Problem 1. There exists infinitely many non-bipartite d-reqular Ramanujan graphs
ford > 3.

We are interested in finding families of these graphs, and as such, solutions to cases of
this open problem have used constructive proofs. Suppose for any d, we knew an infinite
family of Ramanujan graphs existed, then we could use such constructions to derive graphs
that suit applications in, for instance, cryptography.

Now, the conjecture has been proved for some cases. In his foundational paper on Ra-
manujan graphs, Lubotzky used the Ramanujan conjecture to construct infinite families of
(p + 1)-regular Ramanujan graphs where p is prime [1]. Later, Morgenstern extended this
result to prime powers, so the conjecture is proved when p is a prime power. Morgensterns
construction is a remarkable example of using algebraic number theory to derive a result in
the seemingly unrelated field of graph theory.

Proposition 1. There exists an infinitely many (¢+1)-reqular Ramanugjan graphs, for prime
powers q.

Proof. See [2, Thm. 5.13]. O

The problem remains open for non prime powers, in fact, it has yet to be proved for
d = 7, the minimal example such that d — 1 is not a prime power. One might wonder
what proportion of d-regular graphs of n vertices are Ramanujan. Friedman showed that,
surprisingly, almost all d-regular graphs are Ramanujan. However, it is not what proportion
are Ramanujan [7].

Proposition 2. Given a d-regular graph G on n vertices, we have that
MG) <2vVd—1+e,

for e >0 where e - 0 as n — oo.



Figure 2: Left: the supersingular 2-isogeny graph on Fs72. Right: a corresponding covering
graph, with a covering map is given by f(j, k) = j for a vertex label (j, k).

Variations on the Open Problem

It is possible to construct infinite families of Ramanujan graphs using covering graphs. As
such, some variation on the open problem exists - relating to the spectrum of the lift of
a graph. Warning: there is no connection between covering graphs and vertex or edge
coverings.

Definition 5. Let G = (V4, Ey),C = (V,, Es) be graphs. We say that C'is a covering graph,
or a lift of G is there exists a covering map from C' to G. f : Vo — Vj is a covering map
from C' to G if:

(i) f is surjective.

(i) f is a local isomorphism. That is, for each v € V3, the edges of f(v) in G are in one-to-
one correspondence with the edges of v in C'. Stated otherwise, the adjacent vertices
of v in C and the adjacent vertices of f(v) in G are in bijection.

We say that C'is an n-lift of G if for all v € Vi, | [~ (v)] = n.

A lift of a d-regular graph will necessarily be d-regular. There has been some research
into the properties of lifts of Ramanujan graphs by Bilu and Linial and (a similarly named)
Lubetzky [8]. Lubetzsky showed that a typical n-lift of a Ramanujan graph is nearly Ra-
manujan. Now, if we could find a way to construct lifts of a Ramanujan graph that are
also Ramanujan, we might have a good way to prove Open Problem 1. Bilu and Linial
established the following conjecture in 2006 [9].

Open Problem 2. Let G be a d-regular Ramanujan graph. For some { > 1, there exists a
Ramanujan C-lift of G. [5, Conjecture 6.8]

This conjecture has been used for alternative constructions to the special cases of the
open problem. For instance, the zig-zag product [10]. Solving this problem in the general
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case would provide a means to construct infinite families of Ramanujan graphs for any d.
A similar method was exploited by Hall, Puder and Sawain to construct rich families of
bipartite Ramanujan graphs [11]. Such a construction could indeed be a method to solve
the open cases of Open Problem 1.

Curiously there is a way to construct lifts on the supersingular isogeny graph, the Ra-
manujan graph used in isogeny based cryptography [12][13]. These graphs are g + 1-regular
for a prime power ¢ . It is conjectured these lifts are Ramanujan, and it could provide
another alternative construction to Morgenstern’s. There could also be a way to extend this
construction to non-prime powers. See Figure 3 for this particular construction. Note that
both graphs are Ramanujan.

Conclusion

Ramanujan graphs provide a good source of pseudo-randomness in computing due to their
strong mixing property. They also act as a potential candidate for a cryptographic primitive,
and are strongly related to the hard problem used in isogeny based cryptography. Becoming
a subject of interest with the the search for post quantum cryptographic protocols, we may
yet see progress on this open problem over the next decade. There are already contributions
to finding these infinite families of Ramanujan graphs, with Lubotzky and Morgenstern
proving the cases of prime powers, and later researches proving the conjecture for bipartite
graphs of any regularity [6]. Constructions with covering graphs of Ramanujan graphs, such
as the supersingular isogeny graph, could prove key to solving the remaining cases of this
open problem.
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